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Abstract 

The aim of this paper is to give an analytic proof of the theorem on 
algebraic approximations of holomorphic maps from Runge domains to 
affine algebraic varieties. 



1 Introduction 

The problem of algebraic approximation of holomorphic maps whose images are 
contained in complex spaces other than C" has been studied by several math- 
ematicians (see P], [7], [in], [U, Hi], [m, dH, [in])- The following approxi- 
mation theorem is due to L. Lempert (see [15], p. 335). 

Theorem 1.1 Let V,W be complex affine algebraic varieties, let K C W be a 
holomorphically convex compact set and let f : K ^ V be a holomorphic map. 
Then f can be uniformly approximated by a sequence f^:K^V of Nash maps. 

(For the definition of Nash maps see Section[2Tj) Theorem 11.11 generalizes some 
earlier results. Namely, in the case where V is nonsingular, it was proved in 
[10| . When W — C and V is arbitrary, the result was proved in [TT], and the 
local version of Theorem II .11 is closely related to Artin's approximation theorem 
(see m)- 

The original proof of Lempert's approximation theorem (see [18j . pp 338- 
339) relies on a deep and difficult result of commutative algebra: the afhrmative 
solution to Artin's conjecture for which the reader is referred to [1], [21], |23j . 
[24J, [25j. Since Theorem [TTTj is expressed in terms of notions of complex analysis 
and geometry and it has numerous applications in the theory of several complex 
variables (see (U, [S], [H], [T3], [TI], [T5], [50], pT], [5S]) it is natural to ask 
whether one can prove it using analytic and geometric methods. The aim of 
this paper is to present such a proof (see Section|3]). All the preliminary material 
is gathered in Section [H 

Finally, let us note that the problem of algebraic approximation of analytic 
maps whose images are contained in algebraic varieties can, of course, also be 
considered over the field of real numbers. The solution to the problem (based 
on Artin's conjecture) was given in [9_. 
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2 Preliminaries 



2.1 Nash maps and sets 

Let fl be an open subset of C" and let / be a holomorphic function on fl. We 
say that / is a Nash function at G O if there exist an open neighborhood U 
of a;o and a polynomial P : C" x C — >■ C, P ^ 0, such that P{x, f{x)) = for 
X &U. A holomorphic function defined on is said to be a Nash function if it 
is a Nash function at every point of fi. A holomorphic mapping defined on 17 
with values in is said to be a Nash mapping if each of its components is a 
Nash function. 

A subset Y of an open set Q. C C" is said to be a Nash subset of O if and 
only if for every ^ U, there exists a neighborhood U of j/q in ^ and there exist 
Nash functions fi, fs on U such that 

YnU = {xeU:hix) = ... = Mx) - 0}. 

The fact from [57] stated below explains the relation between Nash and 
algebraic sets. 

Proposition 2.1 Let X be an irreducible Nash subset of an open set fl C C". 
Then there exists an algebraic subset Y of C" such that X is an analytic irre- 
ducible component of Y (1 Q. Conversely, every analytic irreducible component 
ofYnQ is an irreducible Nash subset offl. 

2.2 Convergence of closed sets and holomorphic chains 

Let U be an open subset in C™. By a holomorphic chain in U we mean the 
formal sum A = J2jej ^j^j^ where aj 7^ for j G J are integers and {Cj}j£j is 
a locally finite family of pairwise distinct irreducible analytic subsets of U (see 
|28) . cp. also [3|, [SI)- The set UjeJ called the support of A and is denoted 
by |A| whereas the sets Cj are called the components of A with multiplicities 
aj . The chain A is called positive if aj > for all j G J. If all the components 
of A have the same dimension n then A will be called an n— chain. 

Below we introduce the convergence of holomorphic chains in U. To do this 
we first need the notion of the local uniform convergence of closed sets. Let 
Y, Yy be closed subsets of U ior u ^ N. We say that {Y^} converges to Y locally 
uniformly if: 

(11) for every a ^ Y there exists a sequence {a^} such that Oi, e Yi, and 

— >■ a in the standard topology of C™, 
(21) for every compact subset K of U such that K r\Y = % \i holds Kr\Y^ ^% 
for almost all v. 

Then we write Y^, — ^ Y. For details concerning the topology of local uniform 
convergence see [29J. 

We say that a sequence {Z^} of positive n-chains converges to a positive 
n-chain Z if: 

(Ic) \Z,\^\Z\, 
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(2c) for each regular point a of \Z\ and each submanifold T of J7 of dimension 
m — n transversal to \Z\ at a such that T is compact and \Z\ CiT = {a}, 
we have deg{Zi, ■ T) = deg{Z ■ T) for almost all v. 

Then we write Z^, ^ Z. (By Z ■ T we denote the intersection product of Z and 
T (cf. |1H|)- Observe that the chains Z^, ■ T and Z ■ T for sufficiently large ly 
have finite supports and the decrees are well defined. Recall that for a chain 
A = ajia-j}, deg{A) = J2.^^ a-j). 

2.3 Analytic sets with proper projection 

Let TT : C™ X — > C™ be the natural projection, let be a domain in 
C™, and let y be a purely m-dimensional analytic subset of f2 x C such that 
tt\y : Y ^ n is a proper map. By Sy we denote the set of all points & e F for 
which the multiplicity of the map 7r|y at & is greater than one. Next let Ty be 
the set of all points b in Reg(5y) for which the space Ti,Sy tangent to Sy at b 
satisfies TbSy D ({0}™ x C) ^ 0. Finally, put Sy = Tr{Sy). 

Recall that Sy,Y,y are analytic subsets of x C*, ft respectively (cf. fS]). 
It is easy to verify that Sing(5y) U Ty is also an analytic subset of x C^. (Of 
course, if y is a a Nash set then Sy, Sy, Sing(5y) U Ty are also Nash sets.) 

2.4 Stability of singularities of Nash maps 

Let TT : C™ x C™ be the natural projection. Let fi,f2 be any positive 

real numbers and let F be a purely m-dimensional Nash subset of B™ x 
such that 7r|y : y — > _B™ is a proper map and F is a normal analytic space. 
(Where B« = {z £ C? : ||z||, < r}, where || • ||^ is a norm in C.) Then 5y,Ey 
are purely (m — 1) -dimensional or empty Nash sets, and, consequently, for every 
holomorphic map g : U Y, where [/ is a domain in C", {tt o g)"^ CSy) is either 
empty or equal to U, or a purely (n — l)-dimensional subsets of U. 

Let y = (j/i, . . . , ym), z — (zi, . . . , Zs). A polynomial map h : C™ x ^ 
C™ X C is called admissible if it is of the form h{y, z) = {y + p{z), z), where 
p : — > C™ is a polynomial map of degree at most 3. For any open subset A 
of C™ X by an admissible map h\A we mean the restriction of the admissible 
map : C™ X C" X to A. 

Let ci be a real number such that < Ci < fi- 

Remark 2.2 Let {h^} be a sequence of admissible maps converging to idc">xCs 
locally uniformly. Then {hiy{Y) fl (i?ci x Bf.^)} converges toY (1 (i?™ x i?|^) in 
the sense of chains, and {Shiy)n(B'7^xBi )}, {^h,AY)n(B^ xBi )} converge to 
Syn(Bi^xBi ), Syn(B:"xs; ), respectively, locally uniformly. 

The map Trlyp^^m xs; y.Y r\ (i?™ x i?|^) i?™ is said to have stable sin- 
gularities if for every sequence {h^} of admissible maps converging to idc'"xc= 
locally uniformly, the sequence {y'h^(Y)n(Be^xB,.^)} converges to Syn(Bi'; xS|^) 
in the sense of chains. 



3 



Remark 2.3 If n\Yn{BV' xs; ) : ^ n (S™ x — _B^^ has stable singularities 
thennls^ ^^^^^ \^-i(Sine{^Y)) «s injective. 

Proof. Suppose there are (y^, z^), (y^, z^) e SYn{B':^ xBi ) such that = 
{zl,...,zl) =^ — {zf, . . . , z^), i.e. zj ^ zf for some i e {!,..., s}, and 
y-"^ G Reg(Ey). Then there is j £ {!,.•■ ,to} such that in some neighborhood 
(in B^) of y^, is a graph of a hofomorphic function depending on the 
variables from {yi, . . . ,ym} \ {Uj}- Let P : C — >■ C be a polynomial map of 
degree 3 satisfying P{zl) = 1, P'{z}) = P'{zf) = P{zf) = and let /i^(y,z) = 
(/ii,^(y, z), . . . , hra^iv, z),z) be given by the formula: /ij,^(y, z) = y^ + ^P{zi), 
and hk jj{y,z) = y^ for fc 7^ j. Clearly, {/ijy} converges to idc^xc locally uni- 
formly but {'i^h^[Y)c\{Bv^ xBi )} does not converge to '^Yn^B'i^ xBi ) in the sense 
of chains, which contradicts the fact that 'n\Yr\[Bv^ xs; ) has stable singularities. ■ 

Remark 2.4 If Tr\Yr\{BV^ xBi ) : ^ H [B™ x Bf^) — > _B™ /las stable singularities 
then for every sequence {h^} of admissible maps converging to idc^xC'- locally 
uniformly, {S^ fyinfB^xS^ )} converges to SYn(B"^ xB' ~i in the sense of chains. 

Proof. Assume that T^\Yr\(Bv^ xBi ) has stable singularities. Let {h^} be a se- 
quence of admissible maps converging to idc™ xc= locally uniformly. Clearly, for 
sufficiently large 'i^\h^,(Y)r\(Br^ xB' ) has stable singularities therefore, by Re- 
mark[131^|5^ , V-MSing(E,^(^)n(B™ xi,; ))) is an injective map. Since 

{Sh^(Y)r](Bv^ xBi )} converges to SyniBv^ xBi ) locally uniformly (cf. Remark 
12. 2p it must also converge in the sense of chains, because otherwise (due to 
the injectivity of the projection) {S,j^(y)n(B?; xb;^)} converges to Syn(Bi'j xs;^) 
only locally uniformly.H 

Let D CC C" be a domain and let g : Z) — > y be a holomorphic map 
such that g{D) C -B™ x Bi^ and (vr o g){D) ^ Ey. The map 7r|yn(Br'xB; ) : 
Fn (B™ X Bf^) B™ is said to have g-stable singularities if for every sequence 
{h^} of admissible maps converging to idc">xcs locally imiformly, the sequence 
{(vro/iy og)-i(E,j_^(y)n(B?^xB;^))} converges to (tt o g)-i(Eyn(B™ in the 

sense of chains. 

Remark 2.5 //7r|yn(B?» xb; ) ■ 5^n(i3™ x_B^-_^) has g -stable singularities 

then for every xq G Reg((7r o g)"i(i;yn(5™ x^a^))), Sy ("1 ({(tt o g)(xo)} x C*) is 
a one-element set. 

Proof. Suppose that there is xq e Reg((7ro (7)^^(Eyp^^m ))) such that there 
are 01,02 G Sy Cl ({(tt o g)(xo)} x C^), ai ^ 02- Then either ^(a^o) 7^ cti or 
y(xo) ^ 02. We may assume that the former case holds. 

One easily observes that there is a sequence {h^} of admissible maps con- 
verging locally uniformly to id such that h^{a2) = 02 E Sh^(y)r\(BV^ xBi )) 
hu{g{xo)) = 9{xo), and for every 6 ^ 02 if & £ h^{Y) n {{n{g{xo))} x C^) 
then b ^ '5/i_^(y)n(B™ xb; )• Then there is a neighborhood E' of xq in Z? such that 
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En{Trog)~^ (Y,Yn(B^ xBf )) is a connected manifold whereas, for sufficiently large 
V, E D {tt o o g)~^(S/i^(i')n(B™ xs; )) consists of at least two irreducible com- 
ponents (one coming from the intersection of Sh^(^Y)n{B^ xs; ) with some neigh- 
borhood of ai and the other from the intersection of Sii^(Y)n{B'." xb; ) with some 
neighborhood 02) each of which approximates £'n(7rog)^^(Syn(B™ xs; )) locally 
uniformly. This contradicts the fact that {-EH (tt o ft,,^ o (y-jpi-^rn ^b; ))} 

converges to E D (tt o g)^^CEYf^/gm ^) in the sense of chains.H 

2.5 Factorization of holomorphic functions 

The following proposition is known to be true (see [T^, p. 192). 

Proposition 2.6 Let Q C C" be a domain of holomorphy, let A be an analytic 
subset of fl, and let a ^ n\A. Then there is f E 0{Vl) such that A C /^^(O), 
and f{a) ^ 0. 

The following lemma will be useful to us. 

Lemma 2.7 Let Q C C" be a domain of holomorphy and let Ai, . . . , Ap be pair- 
wise distinct irreducible (n^l) -dimensional analytic subsets ofVL. Let zi, . . . , z„ 
denote the coordinates in C". 

(1) There are non-zero hi, . . . ,hp £ 0(51) such that Ai C h^^{0), dim(/i,^^(0) H 
hj^{0)) < n — 1, for every i ^ 1, . . . ,p and for every j ^ i. Moreover, there are 
li, . . . ,lp G {1, . . . ,n} such that Ai ^ (^^) "'^(0)' f'^^ every i ~ 1, . . . ,p. 

(2) For hi, . . . ,hp satisfying (1) the following holds. Let F S 0(f2) be a non-zero 
function such that Ai C _F~^(0) for some i G {1, . . . ,p}. Then for every open 
fio CC il there are non-zero functions u,v £ ©(fio) such that dim(u^^(0) fl 
{Ai U [jj^^ h-\0))) < n - 1, dim(A, n w~^(0)) < n ^ I, and uF\no = vhf\no, 
for some integer a. 

Proof. Let us prove (1). Proposition 1 2 . 61 clearly implies that there are non-zero 
gi,...,gp€ 0{Vl) such that A, C 5,^\0) and dim(g,~\0) n 57^(0)) < n - 1 for 
every i = 1, . . . ,p and every j ^ i. Now, for every fixed i we proceed as follows. 
Put cjifi = gi. There is k € {!,... ,n} such that for some non- negative integer 
ji, Ai C g~j.{0), and Ai ^ 5,^/^+1(0), where gij+i = for every j > 0. One 

easily observes that, for every i, there is e C such that hi — gij. + Sigf has 
all the required properties, which completes the proof of (1). 

Let us turn to (2). Let F G 0(0) be a non-zero function such that Ai C 
F^^{0) and let Op CC O be an open set such that AiflOo ^- Then the number 
of the irreducible components of h~^(0) whose intersection with Oq is non-empty, 
is finite. We denote these components by Bi, . . . , Bq. Proposition 12.61 implies 
that Uj=i \ A, C /i-i(O) and dim(/i-i(0) n {A, U Uj_^, hj\0))) < n - 1 for 
some non-zero h £ O(0). 
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There is an open subset U ofQo such that for A,n!7 = (F[c/)-i(0) 7^ there 
is a minimal defining function d S 0{U) and a non- vanishing function H S 0{U) 
such that i^|(7 = c?"_ff, for some integer a. Since ft,~^(0) n fio ^ Uj=i -^j' there 

is an integer /? such that has the extension to the holomorphic function 

V £ 0(^10) • Clearly, u — and v satisfy the requirements.H 

2.6 Generators of certain polynomial ideals 

For any subset B of C let denote the Zariski closure of B i.e. the intersection 
of all algebraic subvarieties of C containing B. For any algebraic subvariety V 
of C by I{y) we denote the ideal of all polynomials p € C[yi, . . . , j/,] such that 

V C p~i(0). For any gi,...,gs G C[yi, ... ,2/,] by I{gi, ...,gs) we denote the 
ideal generated by gi, . . . , 5^. 

Lemma 2.8 Let Q and B be a domain in C" and an irreducible analytic subset 
of Q, respectively, and let g — (51,32) G 0(ri,C' x C). Let 5, hi, ... ^ht^ G 
C[2/i, . . . , t/g] 6e such that 

\ (0) = {y e C \ ri(O) : = /or j = 1, . . . , ti}, 

where ti — q — dmigi{B) , and Slj^jg^- ^ and for every a G gi{B) \ 6^^{0), 
the map (hi, . . . , hf-^) : C — > C*i is a submersion in some neighborhood of 
a in C^, and 5I{gi{B) ) C I{hi, . . . ,ht^). Then there are t2 — ii polynomials 
hti+i, ■■■,ht2 G C[yi, . . .,yq,yq+i, . . .,yq+r], where t2 = q + r - dimg{Bf , and 
there is S d C[yi, . . . ,yq, yq+i, ■ . ■ , yq+r] such that 

\ d-\0) = G C« X C \ S-\0) : h,iy) = /or j = 1, . . . ,^2}, 

and ^ 0, and for every b G g{B) \6^^{0), the map (hi, . . . , ht^) ■ C^'" — !> 

C*^ is a submersion in some neighborhood of b in C'?+'", and SI{g[B) ) C 
I{hi,...,ht2). 

Proof of Lemma lKR Let us denote Ci = 9i{B) , C2 = g{B) . Since B is irre- 
ducible, C2 is irreducible as well. Then there are 61, hi, ... , ht^ G C[yi, . . . , yq+r] , 
such that 

C2 \ ^r'(O) = {y G C« X C- \ 5i\Q) : hM = for j = 1, . . . ,^2}, 

and i5i|c2 7^ 0' ^^i^ foi" every 6 G C2 \ (5f ^(0), the map (ft-i, . . . , /if^) : C'^"'"'' — )■ 
C*^ is a submersion in some neighborhood of b in C'^+'', and for every G G 
C[yi, . . . , yq+r] with C2 Q G~^(0) there are fi, . . . , fj^ G C[yi, . . . , y^+r] such 
that (5i • G = fj/ij. (See [H], pp. 402-405.) 

Let us show that hi, ... , ht^ can be chosen in such a way that {hi, ... , ht^ } C 
{hi, . . . ,ht2}. Observe that C2 C d xC, which implies that Si-hi — X^JLi ^j.ihj, 
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for z = where bj^i £ C[?/i, . . . , Next, {5i o g) ■ {5 ogi)|s ^ 0. In- 

deed, otherwise either 6i\c2 = or 6\ci = 0. Consequently, there is xq e B 
such that ((5i/ii, . . . , Ji/itj) is a submersion in a neighborhood of g{xa), and 
therefore there are ji, . . . , jt^ such that the determinant d(jji, . . . , Uq+r) of the 
matrix . . . , 2/5+r)]fe=i,...,ti;i=i,...,ti satisfies ci(g(xo)) 7^ 0. This imphes 

that djca 7^ and there are Ck,i, di,i G C[yi, . . . , j/g+r], for fc, i = 1, . . . , ii and 
/ e ./ = {1, . . . ,^2} \ {ji, • ■ • ,jti} such that d ■ hj, = J^lLi Ck.ihk + J2ieJ ^i^i^i- 
Now it is clear that the assertion of the lemma is satisfied with S = d ■ Si ■ 5 
and {hi, . . . ,ht^,hti+i, ■ ■ ■ ^ht^), where hj- = hj^ , for k = + 1, . . . , ^2 where 
{iti+i, ■■■^jt^} ^ J-m 

Remark 2.9 Let ai, . . . , Op G C'+'" \ C2, where p is any integer. It is easy to 
see (cf. [19J, pp. 402-405) that hi, . . . , ht2, Si (which are introduced in the first 
paragraph of the proof) can be chosen in such a way that hi{aj) ^ ^ ^li'^j) 
for i = 1, . . . , ^2 and j = 1, . . . ,p . This clearly imphes that if hi(aj) ^ ^ ^(o-j) 
for i = 1, . . . ,ti and j ^ 1, . . . ,p then ht-^+i, . . . , ht^ and the 6j,,;'s can be chosen 
in such a way that hi{aj) =/= =^ ^{^-j) for i = ii + 1, . . ■ , ^2 and j = 1, . . . ,p. 

2.7 A discriminant criterion for the existence of algebraic 
appr oximat ions 

Let us recall our previous result from [6J which is a main tool in the present 
paper. Let U C C" be a domain and let tt : ?7 x C*^ — ?• U denote the natural 
projection. Let X C U x C'^' be an analytic subset of pure dimension n with 
proper projection onto U. Recall that s{tt\x) denotes the cardinality of the 
generic fiber in X over U. 

Theorem 2.10 Let {X^} be a sequence of purely n- dimensional analytic sub- 
sets of U X C'' with proper projection onto U converging locally uniformly to X 
such that s{t:\x) = s(7r|x„) for G N. Assume that {(Sx„)(„_i)} converges to 
(Ex)(n-i) in the sense of holomorphic chains. Then for every analytic subset 
YofUx of pure dimension n such that Y C X and for every open relatively 
compact subset UofU there exists a sequence {Y^} of purely n-dimensional an- 
alytic subsets of U X C*^ converging to Y D {U x C'^) in the sense of holomorphic 
chains such that C X^, for every G N. 

Let be a purely m-dimensional algebraic variety in C™ x with proper 
projection onto C™. Assume that = ^^""'^(0), where iV is a polynomial in m 
variables. Let f : U Vhe a holomorphic map such that f{U) ^ A^^^(O) where 
/ is the map consisting of the first m components of /. Finally, let V{E, f) = 
{{x,z) &ExC^ : {f{x),z) G V}, where E is any open subset of U. Theorem 
12.101 immediately implies the following 

Corollary 2.11 Let f^ G 0{U,C"^) be a sequence of Nash maps converging to 
f locally uniformly such that {{N o f^)~^{0)} converges to {N o /)^^(0) in the 
sense of chains. Then for every analytic subset YofUx of pure dimension n 
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such that Y C V{U, /) and for every open relatively compact subset UofU there 
is a sequence {Y,y} of purely n-dimensional Nash subsets ofUx C*^ converging 
to Y D {U X C'^) in the sense of holomorphic chains such that Y^ C V{U,f,j) 
for every G N. /?^ particular, there is a sequence f^, G 0(U, V) of Nash maps 
converging to f\jj uniformly. 

3 Approximation 

A proof of Theorem 11.11 can be easily reduced to the case where W = C" for 
some integer n (see [IH], p 339). Therefore Theorem 1 1.1 1 is a direct consequence 
of the fohowing 

Theorem 3.1 Let f : U ^ V be a holomorphic map, where U C C" is a Runge 
domain and V C C is an algebraic variety. Then for every open Uq CG U there 
is a sequence fu-Uo^Vof Nash maps converging uniformly to f\uo- 

First we shall prove Theorem 13.11 in the case where the codimension of 
/~^(Sing(F)) is greater than 1. 

Lemma 3.2 Let f : U ^ V be a holomorphic map, where U C C" is a Runge 
domain and V C C? is an algebraic variety. Assume that dim/~^(Sing(V)) < 
n — 1. Then for every open Uq CC U there is a sequence fij'.U^^Vof Nash 
maps converging uniformly to f\ua- 

Proof. For an elementary proof of the lemma for n = 1 the reader is referred to 
|llj . Let us assume that n > 2. Fix an open set Uq CC U. 

Since dim/~^(Sing(V^)) < n — 1, there are Pi, . . . ,Pt CC U and e > such 
that Fo C U*^^ Pj, and Pj = + B^, and (B] + b!~) n f-\Smg{V)) = 
for i = \,. . . ,t, where Bj,Bj are open bounded balls in Lj,Lj- respectively, 
where Lj is an (n — 2)-dimensional linear subspace of C" whose orthogonal 
complement in C" is denoted by Lf and B'j ^ {x G B'j : dist(a:, dB'^) < e}. 

Observe that for every i ^ j such that Pi H Pj ^0 there are open balls 
Pi,j Q Bi, Pj i C Bj and open connected sets lij C B^, lj,i C B'^ such that 

p~Ti~ r\ f-\Sixvg{V)) = 0, p-T7~n /-i(Sing(y)) - 0, n b[^^ ^ 0, 

h,i n B] ^ ^ 0, and (Pi,j + /ij) n + lj,i) ^ 0. 

Define E = U*=i (^j J UlJ -j^i (^'zj assuming that P.,^ +Z.j = 
if Pi n Pj = 0. Since [/ is a Runge domain, there is a sequence {fi, : C" 
C'} of polynomial maps converging uniformly to / on E. f{E) is separated 
from Sing(y) therefore having fu (for v large enough) we can construct a Nash 
map fjj : E ^ V approximating /j^ uniformly. (This construction is purely 
geometric. For details see [lOj.) 

Observe that if f^, has a holomorphic extension to Uj=i Pj^ then the proof 
will be completed. Indeed, by the maximum principle, if such f^ approximates 
f on E then it also approximates / on Uj=i Bj - Moreover, if f^, is a holomorphic 
map on Bj and a Nash map on E then it is a Nash map on IJ5=i Bj. 
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For every j put Ej = {Bj + i?^ J U Ufc=i(-Pi,fc + (again assuming Pj^k + 
lj,k = if Pj n Pfe = 0). The Hartogs extension theorem imphes that for every 
j, fv\Ej has the extension fj,„ : Pj V such that fj,v\{z}+B'- is a holomorphic 
map for every z Cz Bj. But then, since fj.u\B +B'. is a holomorphic map, the 
Cauchy integral formula implies that fj ^, is a continuous separately holomorphic 
map. Hence it is a holomorphic map. 

It remains to show that for every fi.ulPinP- — fj,u\PinP - Fix i ^ j 
such that P, n Pj ^ 0. Then C = {P^j + k^j) n (Pj,, + Ij^i) C P, n Pj. The 
facts that Pi n Pj is connected, C 7^ and fj^iy\c = /i^lc = fi,u\c imply that 
fi,v\Pir\Pj ~ fj.v\Pir\Pj and the proof is completer 

Notation. Let K he a. connected compact subset of C" such that inti^T ^ 
and let D be a connected open neighborhood of K. For any g,gi, : K ^ C C 
C by gDi9u,D '. D ^ C we denote holomorphic maps such that gD\K — <?, 
9i^,d\k — gw If gD,gv,D exist they are uniquely determined. Then g.g^, are 
called holomorphic. The collection of all holomorphic maps from K to C will 
be denoted by 0{K, C). If g^^o is a Nash map then g^ is called a Nash map. 

A sequence g^ S 0{K,C), for 1/ e N, is said to converge to 5 e 0{K,C) 
uniformly if there is an open neighborhood D of K for which there are g^.D^ go 
such that {5[/,_d} converges to gjj uniformly. 

Let us recall that for any g £ 0{U, C^) and any analytic subset C of C by 
(7~^(C)(„_i) we denote the union of all (n — 1) -dimensional irreducible compo- 
nents of g"^{C). 

Proof of Theorem \S.l\ Fix Uq CIC U which clearly may be assumed to be con- 
nected. Then the fact that ?7 is a Runge domain implies that Uq C K, where K 
is a connected component of a compact polynomial polyhedron contained in U. 
One may assume that fiUo) ^ Sing(y) (because otherwise V may be replaced 
by Sing(F) until the required condition is satisfied), (/|D)~^(Sing(y))(„_i) ^ 
for every open neighborhood D oi K (because otherwise Lemma l3^ finishes the 
proof). 

Put Po = /lifjVb = V. We iterate the following process starting from Pq. 
Suppose we have P, G 0{K,V,) such that F,{K) ^ Sing(T/,), i^7^(Sing(F,))(„_i) 
7^ 0, for every open neighborhood D of if, where Vi C C"?' is an algebraic variety. 
We show that there is P^+i £ 0(Pr, V^+i), where Vi+i C C*'+i is an algebraic 
variety, such that: 

(x) if there is a sequence P^+i,;/ G C>{K, Vi+i ) of Nash maps converging uniformly 
to Pi+i, then there is a sequence P^^^ e 0{K,Vi) of Nash maps converging 
uniformly to Pi, 

(y) (-F»+i,-D)~^(Sing(Fj+i))(„_i) £ (Pj,_D)-i(Sing(l/0)(„_i) for every sufficiently 
small open neighborhood D of K, and Fi+i{K) ^ Sing(T^+i). 

The condition (y) implies that there are io and an open connected neighbor- 
hood D of K such that dimPj~^^(Sing(T^Q)) < n — 1. Consequently, Lemma [3T2] 
allows us to complete the proof if, given P^, we can construct Pi+i satisfying 
(x) and (y). 
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Put ki — dini(Vi). Let us show how to construct i^^+i. First observe that we 
may assume that Vi is an irreducible normal analytic space. Indeed, since K is 
connected then Fi (K) is contained in an irreducible component of Vi so we may 
assume that Vi is irreducible. If Vi is not normal then we may replace Vi,Fi by 
Vi,Fi, where w : V. Vi is the normalization of Vi, whereas Fi : K ^ Vi is a. 
holomorphic map such that tt o Fi — Fi. (The existence of Fi is an immediate 
consequence ofthe fact that 7r|y.y^_i(gij^g(y.)) • Vi\7r"^(Sing(Fj)) -> Vi\Sing{V) 
is a biholomorphism (see [H], pp 343-346).) 

Finally, observe that we may assume that Vi C C'^' x C*^'^' and there is c G 
R+ such that H^H^^^fc^ < c(l + ^\\w\\kj, for every {w, z) e V C C^- x C'^'^', 
where || • ||fci, || ■ Hgi-fc; are norms in C*^', C'?'"'''* respectively. Indeed, first note 
that we may assume that there is c G R+ such that ||z||^;_fc; < c(l + 
for every {w,z) ^ Vi C C'^' x C*'^'"'' (see [H], p. 392). Next introduce a new 
tuple of variables y — {yi , . . . , . ) and define a variety 

V = {{y,w,z)€C''^ xC''^ xC'^'-''-.{w,z)eV,y,=wlj = l,...,h}. 

Clearly, there is c G R+ such that ||(w, z)||q; < c(l + -v^^^/llfc") for every 
{y,w,z) G Vi ^ C"'' x C*^'' x C**~'^' and Vi is an irreducible normal space. 
(The latter because there is a biholomorphism between Vi and Vi.) Now Vi,Fi 
can be replaced by Vi, Fi where Fi — [Hi, Fi), where Hi = {F^ l, . . . , F^j.,) and 
Fi^i, . . . , Fi^ki are the first ki components of the map Fi. 

Let Bo CC C"' be an open ball such that Fi{K) C Bq x C'?*"''' and let 
Bi CC C*^-, Ci CC C«'~*M)e open balls such that Bq CC Bi, {Bi x Ci) nV^i = 
{Bi X C^--*^-) n V- and {Bi x dCi) f^V^ = <h. Then the fact that ||z||q^_fc, < 
c(l+ \/||w||fcJ, for every {w, z) e Vi <Z C''' x C'"*^', imphes that there is Eq > 
such that for every admissible map $ : C*^' x C'"*-'' C*^* x C'?'"'^' for which 
II* - idco. Ilsixci < £0, $(v^») n (Bo X C9'-'=0 = n (Bi X Ci)) n (Bo X Ci) 
and ($oFi)(i4r) C Bq x Ci. (For the definition of admissible map see the second 
paragraph of Section [XT] ) 

By Proposition 13.31 there is an admissible map $ : C*^' x C?*^*^* C*^' x 
QQi-ki g^^j^ ^j^g^^ _ id^fc.^j-,,.,;,. 11^^^^^ < £q. Moreover, for = $(V^i fl 

(Bi X Ci)) n (Bo x Ci), for G = ^ o Fi, and for every sufficiently small open 
neighborhood D of K, the following hold: 

(a) VF is a Nash subset of Bo x Ci and tt\w : W Bq is a. proper map, 

(b) (7roGB)-i(Sing(Ev^))(„_i) CG^i(Sing(l¥))(„_i), 

(c) {ttoGd){Uo)^^w, 

where tt : C*^' x C'^'^' — > C'^' is the natural projection. (For the definition of 
T,w see Section 1^31 ) 

As we have observed two paragraphs before, W — $(Vi) n (Bq x C*^'^'). 
This implies, in view of the fact that $(V^;) C C'^' x C'"'^* is with proper 
projection onto C'^*, that there is a polynomial iV G C[wi, . . . , tufe.] such that 
A^~^(0) n Bq = Evi/. (Recall that VF is a normal space hence I]w is a purely 
{ki — 1) -dimensional set.) 
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Let G be the map consisting of the first ki components of the map G. By 
the previous paragraph and by (b), 

(0) G^i(Sing(iV-i(0)))(„_i) C G^i(Sing(iy))(„_i), for every sufficiently small 
open neighborhood D of K. 

On the other hand, (c) implies that G, N satisfy the hypotheses of Propo- 
sition [JiB Consequently, there are an algebraic subset V^+i of some C^*+i and 
F,+i £ 0{K,V,+i) with F,+i{K) ^ Sing(V^,+i) such that: 

(1) ^;\,D(Singm+i))(„-i) -0or 

i^+\_^(Sing(l/,+i))(„_i) £ Gp^(Sing(A^~i(0)))(„_i) for every sufficiently smah 
open neighborhood D of K, 

(2) if there is a sequence -Fi+i,!^ G 0{K, Vi+i ) of Nash maps converging uniformly 
to i^i+i, then there are a sequence G^ £ 0{K,C^^ ) of Nash maps converging 
uniformly to G and an open neighborhood D' of K such that {{N oG^^D')^^{^y\ 
converges to [N o G d')^^ {^) in the sense of chains. 

Now, by (2) and Corollary 12.111 if there is a sequence G 0{K,Vi+i) 

of Nash maps converging uniformly to i^i+i, then there is a sequence G^ G 
0{K, W) of Nash maps converging uniformly to G, which clearly implies that 
(x) is satisfied. As for (y), it is an immediate consequence of (0) and (1), and the 
fact that F^^{'&uYg{Vi)) 7^ for every open neighborhood D of K. Thus 
the proof is complete.H 

3.1 

The aim of this subsection is to prove Proposition 13.31 which is one of our main 
tools. 

For z — (zi, . . . ,Za) G C'' and r G R+, let ||2;||s — max^^i ^ jz^j, and let 

= {z £ C : \\z\\s < r}. Let us recah that for any A C C™ x C, by an 
admissible map h\A we mean the restriction of h to A, where h : C™ x C** — >■ 
C™ X C* is a polynomial map of the form h{y,z) = [y + p{z),z), where p{z) 
is a polynomial map of degree at most 3. For any A C C™ x and any 
holomorphic map g : A ^ C™ x C*, by \\g\\A we mean sup^^^ ||(7(a)||m+s, and 
by id, id^ we denote the identity maps on C" x C*, A, respectively. Finally, by 
TT : C™ X — !- we denote the natural projection. 

Proposition 3.3 Let f : U V be a holomorphic map such that f{U) ^ 
Sing(y), where U is a domain in C" whereas V is a purely m-dimensional 
Nash subset of B"^ x B^^ and a normal analytic space such that n\v '■ V — > B"^ 
is a proper map. Let < rg < ri and let Uq dC U be an open set such that 
fiUo) C -B™ X B^^. Then for every e > there is an admissible map 3> such 
</iat I lid — $1 1 r™ xS'- < e and 

(a) V$ is a Nash subset of B"^ x B'^^ and 7r|y^ : Vi — >■ i?,™ is a proper map, 

(b) (7ro/$)-i(Sing(I]yJ)(„_i) C/^i(Sing(F*))(„_i), 



11 



(c) (^o/<,)([/o)^Ev,, 

where = ^{V) n (B;^ x and /$ = $ o 

Proof of Provosition COl First let us note that since /(C/) ^ Sing(F), then for 
every e > there is an admissible map 5* such that | |id — ^| Is™ < e and 
(tt o /if)([/o) ^ Moreover, for every admissible map <d sufficiently close to 
\[', (7ro/e)([/o) ^ Sve- Therefore without loss of generality we may assume that 
there is ec > such that for every admissible map <I> with | |id — $| 1^™ y, gs < e^, 
the condition (c) is satisfied. 

For the notion of stable singularities appearing in the following claim see 
Section!^ 

Claim 3.4 Let < Ci < ri and let Ui CC U be an open set such that f{Ui) C 
X B'^_^ . Then for every e > there is an admissible map such that 1 1 5* — 
id||s-xi3=^ < e and 7T\^(v)n{B^^xB;^^) ■ *(^) n {Bl'l x B^J -> B^^ is a proper 
map having stable and (5* o f\jj-^) -stable singularities. 

As for the proof of Claim it is easy to verify that if there were e > such that 
for every admissible map 5" with ||id — ^'Hsmxss < e the stability conditions 
were false, we would obtain a contradiction with the fact that for every sequence 
Uu G 0{D) converging locally uniformly to a non-zero holomorphic function, 
where 13 is a domain in a complex vector space, the following holds. For every 
a G D there are a neighborhood Da Q D and integers M, N such that for every 

V > u,j\bq = PvHu, where Hi, is a holomorphic function non- vanishing on 

and is a Weierstrass polynomial (with holomorphic coefficients) of degree 
bounded from above by M. 

Fix an open set C/i CC C/ such that [/q CC ?7i and f(Ui) C x B!;.^. Let 
ro < ci < ri. Claim [2131 the fact that stable singularities remain stable after a 
sufficiently small admissible change of the coordinates, and the fact that ■n\v '■ 

V B™ is a proper map imply that we may assume (decreasing Ec if necessary) 
the following: for every admissible map $ such that ||id — $||_b"> xb= < £c, the 
conditions (a), (c) are satisfied, and 7r|^(y)n(Bm xs= ) : $(F)n(i3™ x B^J B^ 
has stable and ($ o /j^/J-stable singularities. 

Let us prove the following 

Claim 3.5 For every e > there are an admissible map 5* and S > such 
that ll^f — idjlsm xfis < min{£c,£}, o,nd for every admissible map O for which 
\\^-e\\B';ixBll<l 

(20) (7ro/0)-i(^(Sing(5ye) UFy^ USing(Fe)))(„_i) C /e'(Sing(T/e))(„^i). 

Proof of CMm\M Since 7r|yn(i3™ xb=^) : V H (B™ x B'J ^ BJ'J has {f\uj- 
stable singularities and Uq CC Ui, there are e > 0, e < Ec, and open connected 
sets El, . . . , Ep CC Ui, for some integer p, such that for every admissible map 
G for which ||6 — idjls™ xs^^ < e the following hold: 

(d) for every irreducible component A oi (tt o o /|[/^)^^(Eve) such that 
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j4 n t/o ^ there is k such that An is a connected (n — l)-dimensional 
manifold, 

(e) Ce,fe = (7ro0o/|[/J^^(Sve)n£'fc is a connected (n—l)-dimensional manifold 
for every fc = 1, . . . , p. 

Let be any admissible map such that \\Q — id| jsm xb^^ < £, and let (2e,fe) 
denote the condition obtained by replacing /e by Oo/j^j^, in the condition (2e), 
for k = 1, . . . ,p. (d) implies that if (2e,fc) is satisfied for every fc = 1, . . . ,p, then 
(2e) is also satisfied. Moreover, if, for some k, (2e,fc) is satisfied and A is 
an admissible map such that \\Q — A\\b'^^xb= is small enough, then (2A_fe) is 
satisfied as well. 

Only the latter property requires explanation. Let Le,fc denote the left- 
hand side of the inclusion (2e,fc). Observe that Le,fc ^ Ce,fc, which implies 
that either ie.fc — Ce.k or ie.fc — 0- Suppose first that Le,fc = 0- Then 
TT o e o f\E^{Ce,k) ^ 7r(Sing(5ve) U Fy^ U Sing(Ve)). Since e < e^, we can use 
the properties of the stability. By Remark 12.41 {iSve } converges to Sv^ in the 
sense of chains for every sequence {Oi/|_b™ xb= } of admissible maps converging 
to 0|_Bm uniformly, which implies that, for large i/, tt o o /|£;fc(C'e„,fc) ^ 
7r(Sing(!Sve J U rve_^ U Sing(VeJ), hence Le^^k = 0- 

If ie,fc = C'e,/c then (2e,fc) implies (6 o /|£;J-i(Sing(Ve))(„-i) = Ce.fc. On 
the other hand, if A is an admissible map close to Q then 

(e o /|£j-i(Sing(Fe))(„_i) = (A o /|Bj-i(Sing(T/A))(„_i) C Ca,^, 

therefore (A o /|^j.)^i(Sing(VA))(n-i) — C'a./c, and (2a, fc) is obviously satisfied. 

Now it is clear that to prove Claim [23] it is sufficient to show that for every 
e > there is an admissible map such that 1 1^ — id| < minje, e} and 

(2,p,fc) is satisfied for fc = 1, . . . ,p. 

Put Oq = id and let (2id,o) be a tautology. Let i e {0, 1, . . . ,p} and let e > 0, 
e < i. Suppose there is an admissible map Qi such that | jO^ — id| jam xb^ < 
and (2ei,fc) is satisfied for fc = 0, 1, . . . , i. If there exists an admissible map A such 
that for Oi+i = A o Oi, we have ||6i+i - OiHs™ xs^^ < ^^'^ (2ei+i,i+i) is 
satisfied, and e is sufficiently small then, as we have proved, (2ei+i,fc) is satisfied 
for fc = 1, . . . , i + 1. Moreover, ||6i+i — id||_B,i" xb= < 2p-^»-i ■ Hence Claim [33] 
follows by induction provided that for Qi there exists A as above. 

From now on we use the following notation. Let Y — Qi{V) D [B™ x B^^)^ 
and let g = (Qi o f)\Ei^i - For any admissible map A (close to the identity) let 
Ya = (A o Qi){V) n (S™ X B^J, and let Ca = (tt o A o c/)-1(Sya)- Let us show 
that A described in the previous paragraph does exist. Clearly, it is sufficient 
to construct an admissible A satisfying the following conditions: 

(f) ||A-id|U;"^^^xB;^^^<^ 

(g) (7roAog)-i(^(Sing(5yJUFy^USing(rA)))(„-i) C (Ao.g)-i(Sing(rA))(„_i). 

Observe that Ca is a connected [n — l)-dimensional submanifold of 
if only ||A — idjls™^ xS'' ^ is small. One may assume that g{Ci^) ^ Sing(y) 
(because otherwise we can take A — id). Consequently, (Ao (7)(Ca) ^ Sing(yA)- 
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Now we construct an admissible A satisfying (f) such that 

o A o 5)(Ca) ^ ^(Sing(rA) U Ty^ U Sing(5yJ). 
The latter condition yields 

o A o 5)-i(7r(Sing(yA) U Ty^ U Sing(5yJ))(„_i) = 0, 

which clearly implies (g) and completes the proof. 

Choose a point w € Cid such that g{w) ^ Sing(y). Since F is a normal 
analytic space, Sing(y) is at most (m — 2)-dimensional and Sy is purely (m — 
l)-dimensional. Consequently, there is a sequence {a,y} of admissible maps 
converging to id locally uniformly such that n{a„{g{w))) G ^Yo,,, \''i'(Sing(FQ„)), 
for every i/ G'N, which implies that {tt o a„ o g){Ca„) ^ 7r(Sing(yQ,J). 

The map A will be of the form ° ° o:,^, for v large enough, where 
{7,y} are sequences of admissible maps converging to id locally uniformly. 
Let us turn to constructing j3,j^^y. For every v large enough, there is precisely 
one point h„ S Sy^^ such that ■K{hu) — ■7T{a^{g{w))) (cf. Remark [2.51 by the 
previous paragraph, bi, G Reg(yQ^)). One easily observes that for such z/ there 
is a an admissible map arbitrarily close to id on any fixed compact subset 
of C" X C", such that l3^{b„) = b^, l3^{a^{g{w))) = a^{g{w)), b^ e '5y^„o„„ and 

TbY^^oc^ n ({0}" X c^) 

is a one-dimensional C-linear space, where Th^Yp^oa^ denotes the space tangent 
to Yp^oa^ at b^. 

Let {ei, . . . , em,vi, . . . ,Vs} he the canonical base of C™"*"", Spanjei, . . . , Cm} 
= C™ X {0}^ Span{wi, ...,?;,.} = {0}'" x The properties of imply that 
for every v large enough there are i e {1, . . . , m}, j G {1, . • . , s} such that in 
some neighborhood of 6^, oa^) (y) is a graph of a holomorphic map H whose 
domain is contained in Span({ei, . . . , e^n} \ {e^} U {vj}), and range is contained 
in Spa.n{{vi, . . . ,Vs} \ {vj} U {ci}). 

For such V define j„{yi, . . . , y™, zi, . . . , z^) = (7^,1, . . . , 7^,,^, zi, . . . , z^) by 

7i.,;(yi, ...,ym,zi,...,Zs) = yi+ e^Pi,j{zi,. . . ,Zs), 

where P^j = for / 7^ i, and P^j i : C — s> C is a polynomial (of degree at most 3) 
such that P,,^^{a,,{g{w))) = Pu,i{by) = ^§fj-{bu) = 7^ and £ C. 

Put — o o and observe that for the generic in a sufficiently small 
neighborhood of G C, 

(*) b,eSy,^\iSing{Sy,JUry,J. 

Therefore there is e^, such that \e^P^^i\ is arbitrarily small on any fixed compact 
subset of C and (*) is satisfied. 

Now observe that (*) and Remark 12.51 implv that for i' large enough, for (3i, 
sufficiently close to id, and for \e^\ sufficiently small, 

(tt o A^ o g){w) = n{b^) G Ey,^ \ 7r(Sing(5y^^ ) U Fy,,^ ). 
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On the other hand, 

{TToA^og){w) ^ Tr{a^{g{w))) ^ 7r(Sing(YAj) 

hence (tt o A,y o g)(CA„) ^ 7r(Sing(yA„) U Fy^^^ U Sing(5yA^)) and we can take 
A = A^^.m 

Proof of Provosition \3.'A (continuation). Fix £ > 0. Combinmg Claims 13.51 
we obtain an admissible map $ such that \ \'^ — id| jsm xb^ < minjec, e} and for 

= n (S™ X B^J, /<[,=$ o /Itij,, the condition(2<i>) holds. Moreover, 

T^\v<s, '■ ^* ~^ ^™ has /$ -stable singularities. 

By (2$) and by the fact that A$ is dense in (tt o /$)~^(Sing(Svi ))(„_!■), it 
is sufficient to show that A$ C 5$, where 

A* = (tt o /$)-HSing(SvJ)(„_i) n Reg((^ o /<,)-i(SyJ), 
i?$ = (vr o /^)-i(7r(Sing(5yJ U FyJ). 

Take a: G A$. By Remark [^31 <Sy^ n ({(vr o /$)(a;)} x C*) is a one-element 
set, say {c}. If c ^ Sing(iSy^) U Fy^ then the projection of the tangent space 
TcSv^ onto C™ X {0}'* is a monomorphism. Consequently, (7ro/$)(a;) = 7r(c) G 
Reg(I]y3i), a contradiction. Hence it must be c e Sing(5yj,) UFy^ which implies 
X G Thus (a), (b), (c) are satisfied and the proof of Proposition 13.31 is 
complete.H 

3.2 

The aim of this subsection is to prove Proposition 13.61 which is one of our main 
tools. 

Let us recall that for any subset B of C*, B denotes the Zariski closure of 
B i.e. the intersection of all algebraic subvarieties of C containing B. 

Proposition 3.6 Let E C C" be a connected component of a compact poly- 
nomial polyhedron with int(i?) ^ 0. Let f £ 0{E,C''), N G C[wi,...,Wfe] be 
such that {N o /) ^ 0. Then there are an algebraic subset V of some and 
f G 0{E, V) with f{E) ^ S'ing{V) such that: 

(1) /^i(Sing(V))(„_i) = or /^i(Sing(t/))(„_i) £ /^i(Sing(iV-i(0)))(„_i), 
for every sufficiently small open neighborhood D of E in C", 

(2) if there is a sequence f^, G 0{E, V) of Nash maps converging uniformly to 
/, then there are a sequence fi^ G 0{E,C^) of Nash maps converging uniformly 
to f and an open neighborhood D of E such that {(N o /;/.£))^^(0)} converges 
to [N o /d)~^(0) in the sense of chains. 

Remark 3.7 The letters Vi, Ui, Ti, Ri, lii, hi used below denote either (tuples 
of) variables or (tuples of) functions in x. It will be clear from the context 
whether a given letter denotes a variable or a function. When we write that a 
tuple of functions satisfies some equation, we mean that the equation holds true 
if every variable is replaced by the function denoted by the same letter. 
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Proof. If (iVo/)-i(0) = then define V C C^+i by the equation N{wi, ...,Wk) 
= Rq and take f{x) (/(x), i?o(a;)) = if{x),N{f{x))). Clearly, V, f satisfy the 
requirements. 

Let us assume that {N o /)~^(0) ^ 0. Clearly it is sufficient to prove the 
proposition in the case where N does not have multiple components, which we 
also assume. 

There is an open connected neighborhood D oi E which is a Runge domain 
and for which fu exists, such that for every open D' C D with E C D' the 
following holds. If A, B are two distinct irreducible components of [N o f (fi) 
such that A[^E ^% ^ BnE, then there does not exist an irreducible component 
C of {iVo/£,)~i(0) such that AU B C C. Let Ai, Ap denote those irreducible 
components of {N o /_d)^^(0) whose intersection with E is non-empty. 

Lemma l2.7f 1) implies that there are ui,...,Up G 0{D) such that Ai C 
Uj"^(0), dim(uj~^(0) fl u~^{Q)) < n — 1, for Z = 1, . . . ,p and s ^ I. Moreover, 
for every / = 1, . . . ,_p there is s e {1, . . . , n} such that Ai ^ (|fi)~^(0). Next 
let Di CC D be a connected Runge domain with E C Di. Lemma I2.7f 2) 
implies that there are Tq, i?o G C'(^i) ^.nd positive integers fci, . . . ,kp such that 
Toix)N{fDAx)) = Mi(a:)'=i • ... • Up{x)''pRoix) and Ai^i ^ T^\0) U i?o'(0), 
for I = l,...,p, where Ai^i is the irreducible component of Ai n Di whose 
intersection with E is not empty. 

Let Zs = /^^i(Sing(7V- 1(0) ))(„_!), Zr = .fol{N-^0))\Zs. If = 
then define V C C''+p+'^ by the equation ToN{wi,. . . ,Wk) ^ u'l' ■ . . . ■ Up" Rq 
and take f{x) = {To{x), fu-^{x),ui{x), . . . ,Up{x), Ro{x)). Clearly, the fact that 
N does not have multiple components and the properties of the functions 
To, ui, . . . , Up, Ra imply that V, f satisfy the requirements. 

li Zs ^ 9 then we may assume, without loss of generality, that Ai^i C Zg. 
Put wi = w, wi{x) — foiix). Now the construction consists of ki steps. 

Step 1. Define Ci = wi{Ai^i) . Then C'l C'^ is irreducible because C'l C 
N~^{0) and Ai,i is irreducible. Hence there are Ji, gi, . . . , gt^ G C[wi], where 
ii = fc — dimCi, such that 

Ci \ S^'iQ) - {m e C^^ \ S^\o) qi(w,) = . . . = qt, (u-i) = 0}, 

and Si\ci 0; and for every a G Ci \ (5fi(0) the map ((7i,...,gtJ : C*"' — 
C*i is a submersion in some neighborhood of a in C'^'. Moreover, 5iI{Ci) C 
I{qi, . . . ,qti). (See Lemma [2.81 and [TS], pp. 402-405). Every irreducible com- 
ponent Z of Ui=i('"7^(0) n -Di) \ 2",. satisfies wi{Z) ^ Ci therefore, in view of 
Remark 12. 9( we may assume that every such component Z satisfies wi{Z) ^ 

U'Li'z-'WuJr^o). 

Let I?! CC -Di be a connected Runge domain with E C Di. The inclu- 
sion Ci C N^^{0) implies that diN — 'i'j^ij': where rij G C[i&i] and 
Lemma [2.7f 2l implies that there are bj,Vj G 0{Di) such that bj{x)qj{wi{x)) 
= Vj{x)ui{x) on E and dim{bj^{0) n {Ai^i U [j,-^iu:r^(0))) < n - 1 for j = 
l,...,ti. 
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Let D2 CC I?i be a connected Runge domain with E C D2 and let vi, bi de- 
note the tuples (ui, . . . , j), (fei, . . . , of ii variables. Define Gi G C[u)i, wi, 61] 
by the formula 

tl 

Gi{wi,vi,bi) = y^^iV]ri^j{wi)Y\ bj) 

and observe (using Lemma 12. 7p that 

Ti{x)Gi{wi{^), vi{x)M{x)) = ui{xf'-^U2{xf-'' • . . . • Up{xp--Ri{x), 

for a; G Dj, where Ti,Ri G 0(1^2) satisfy Ai^2 ^ Tf ^(0) U i?j;^(0), and fc;^2 fc; 
if ^z,2 C Zj., for Z = 1, . . . ,p, where A; 2 is the irreducible component of Ai n I?2 
whose intersection with E is not empty. 

Let Vi C Q^+'^*i-+P+'^ be the algebraic variety defined by a system of equa- 
tions (in the variables Ti, wi, ui, 61, ui, . . . , Up, i?i): 

(e,l) T^Gi{wuViM)^u\'-^ul'-\..u';-''-Ri, 
(fj) bjqj{wi) = VjUi, ioT j ^ I, . . . ,ti. 

Put W2(a;) — {wi{x),vi{x),bi{x)), and define G 0(1)2) by 

3i(a;) {Ti{x),W2{x),Ui{x), . . . ,Up{x),Ri{x)). 

If fci = 1 then = 9i,V = Vi satisfy the requirements (see Claims [3781 13. 9p . 
Otherwise we go to Step 2. 

Step ^. Define C2 = i&2(^i,2)^ Then C2 £ C'^^+^ti irreducible because C2 C 
Gj~^(0) and Ai^2 is irreducible. Then by Lemma [^TSl there are i52, 9*1+1, ■ ■ ■ ,qt2 € 
C [W2] , where t2 = k + 2ti — dimC2 , such that 

C2 \ 62 \0) = {W2 G C^+^'i \ ^2-^0) : qi{w2) ^ . . . ^ qtA^2) - 0}, 

and 52\c2 0, and for every a G C2\52^{0) the map (gi, ... ^qt^) : C'^+^'i C*^ 
is a submersion in some neighborhood of a in C'^+^*i. Moreover, 52l{C2) C 
/(gi, . . . , gtj). Every irreducible component Z of Uj=i("7^(^) -^2) \ Zs satis- 
fies W2{Z) ^ C2 therefore, in view of Remark 12.91 we may assume that every 
such component Z satisfies W2{Z) ^ U*Li 'ij^i^) U <^2^^(0). 

Let 1)2 CC -D2 be a connected Runge domain with E C D2. The in- 
clusion C2 C Gj^^(O) implies ^2^1 = X)jLi9i^2j, where r2.j G C[w2], and 
Lemma [2.7( 21 implies that there are bj,Vj G 0(1)2) such that bj{x)qj{w2{x)) 
= Vj{x)ui{x) on and dini(6Ti(0) n (Ai_2 U [ji^iU~'^{Q))) < n - 1 for j = 

tl -I- 1, . . . , ^2, _ 

Let Z?3 CC D2 be a connected Runge domain with E C -D3 and let V2,b2 
denote the tuples (wt^+i, . . . , wt^), (^ti+i, . ■ . , ^tg) of t2 — ti variables. Define 
G2 G C[?i)2, "02, ^2] by the formula 

6*2(162, -22, ^2) = X!(^j''2j (w2)]^&j) 
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and observe (using Lemma 12. 7p that 

T2{X)G2{W2{X). V2{x)M{x)) = Ui{xf''^U2{xf'-' Up{xf--^R2{x), 

for X e D^, where i?2,T2 G 0{Dj,) satisfy Aj^g ^ i?2"\0) U T2"^(0) and fcj^g = fc; 
if ^i,3 ^ for ' = 1, ■ • ■ where Ai^^ is the irreducible component of Ai n I?3 
whose intersection with E is not empty. 

Let V2 C c'^+^'^^P"'"^ be the algebraic variety defined by a system of equa- 
tions (in the variables T2, W2, V2, "i, . . . , Up, R2)'. 

(e,2) T2G2{W2,V2M) = Mi'~^M2^-^ ■ . . Up"'"* i?2 , 

(fj) bjqj{w2) ^ VjUi, for j = 1, . . . ,t2. 

(For J = 1, . . . the polynomial qj is precisely the one from Step 1 and it 
does not really depend on vi,bi.) Put 'W3{x) — {w2ix),V2(x),b2ix)) and define 
92 e OiDs) by 

g2ix) = {T2{x),W3{x),Ui{x),...,Up{x),R2{x)). 

li ki — 2 then fn^ — g2,V — V2 satisfy the requirements (see Claims [XH 13. 9p . 
Otherwise we go to Step 3. 

Let us describe Step i+1, assuming that ki > i and we have completed Step 
i (i> 2) after which there are an algebraic subvariety Vi C cfc+2*i+p+2 g^j^^j 
holomorphic map gi : Di^i — > Vi, where D^+i CC Di is a connected Runge 
domain with E C -Di+i, such that the following hold: 

(1) 

gi{x) = {Ti{x),w.,+i{x),ui{x),. . . ,Up{x),R^{x)), 

■Wi+i{x) = {wi{x),Vi{x), 'bi{x)) e C''+^*S and Vi{x) = {vt,_^+i{x), . . . , vt^{x)), 

Ux) = {bu^,+i{x),...,buix))- Moreover, Ai^,+i ^ Tr\0) u R^HO) for I = 
1, . . . ,p, where Ai^i^i is the irreducible component of Ai fl whose intersec- 
tion with E is not empty, and dim(6j^(0) fl (Ai^^+i U IJi^^i '^T^i^))) < n — 1 for 
j = l,...,ti. 

(2) Vi is defined by the equations (in the variables Ti, Wi, Vi, bi, ui, . . . , Up, Ri): 

(e,i) TiGi{wi,Vi,bi) = u'^'-^'^ul"'"^^ . . .Up"'''^^ Ri, 

(fj) bjqj{wi) = VjUi, for j = l,...,U, 

where ^ Gi E Clwi, Vi, bi], and qj e C[wi] for j = I, . . . ,ti, and = ki if 

AlJ+l C Zr ioT I = 1, . . . ,p. 

(3) There is d, £ C[w^] such that for = m,(Ai,i)^ $1 C''~+2*'-i the following 
hold: 

\ S-\0) - {w. e C'=+2*'-i \ 5-1(0) : <z,(mO = for j = 1, . . .,<,}, 

and Jilci 7^ 0, and for every a e Gi \ 5~"^(0) the map {qi, ■ . ■ ,qu) : C''+^*'-^ 
C*' is a submersion in some neighborhood of a in c'^+^*'-i, and 6iI{Ci) C 
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I{qi, . . . , gt .). Furthermore, Wi{Z) ^ U*=i 1j "^(0) U '^i "^(0) foi" every irreducible 
component Z of Uj=i(^t7\0) n A) \ Z^. 

Step i + 1. Define Q+i = Then C^+i £ c^+zti jg irreducible 

because Q+i C G^^(O) and Ai i^i is irreducible. Then by Lemma [5^5] there are 
gti+i, • • ■ , qt,+i e C[mi+i], where i^+i = k + 2ti - dimCi+i, such that 

a+i \ 5r^\(0) = e C'=+2*' \ 5r^\(0) : = . . . = qu^A^.+i) = 0}, 

and (5i+i|c,+i 7^ 0: and for every a € C'i+i \ ^^4.^(0) the map (gi, . . . , gf^_|_ J : 
Qk+2ti _^ Qti+i is a submersion in some neighborhood of a in 0*^+^*' . Moreover, 
5i+i/(Ci+i) C /(qi, . . . , .^j). Every irreducible component Z of 
Uj=i("7'(0)n satisfies ^ Ci+i therefore, in view of Re- 

mark we may assume that every such component Z satisfies Wi+i{Z) ^ 

U=i<(o)u<5-\(o). 

Let Di^i CC -Di+i be a connected Runge domain with E C -Di+i- The in- 
clusion C+i C G7^(0) implies J^+iGi = 1^5=1 where r^+ij G C[wi+i], 
and Lemma I2.7f 2) implies that there are bj,Vj E 0(13^+1 ) such that 
bj{x)qj{m+i{x)) =Vj{x)ui{x) on and dim(6J^(0)n(^i,j+iUU/^i "7^(0))) < 
n - 1 for j = U + . . , ti+i . 

Let Di^2 CC -Di+i be a connected Runge domain with E C -Di+2 and 
let ■Oi+i, denote the tuples (i^t^+i, . . . , wti+i), (&t,+i, ■ ■ ■ , ^t.+J of ti+i - ti 
variables. Define G^+i G C[wi4.i, u^+i, fci+i] by the formula 

ti+i 

Gi+i(wi+i,-Ci+i,6i+i) = y^^{vjn+ij{wi+i)Y\ h) 

and observe (using Lemma UTf} that 

Tj+i {x)Gi+i {wi+i (x) , Wi+i (x), 6^+1 (x)) = 

= ui{x)'''-'-'^U2{x)''^-^+^ • . . . • Up(a;)'=''''+^i?,+i(x), 

where r.+i,E,+i C C(A+2) satisfy ^,,,+2 ^ 7;+\(0) U i?-+\(0), and fcj,,+2 = k 
if Ai,i^2 Q Zr for ^ = where Ai,i+2 is the irreducible component of 

Z3i-i-2 n ^/ whose intersection with E is not empty. 

Let Vi+i C Q^+'^'ti+i+p+'^ be the algebraic variety defined by a system of 
equations (in the variables Ti+i,Wi+i,Vi+i,bi+i,ui, . . . ,Up,Ri+i): 

(e,i + 1) Tj+iGj+i(wi+i,i)i+i,6i+i) = u^^^'-^'^ul'''"*'^ ■ . . Up"''^^ R^+i, 

(f,j) bjqj(m+i) = VjUi, ioi j = 1, . . . ,ti+i. 

(For j = the polynomial qj was defined in previous steps.) Put 

m+2{x) = {m+i{x),Ui+i{x),bi+i{x)) and define .g^+i e 0(^+2) by 

ffi+i(a:) = (Ti+i(a;), Wi+2(a:), "1(2:), • • • , Up{x), Ri+i{x)). 

If fci = i + 1 then fDi+2 — 9i+ii ^ — ^i+i satisfy the requirements (see Claims 
[3?H1[S!11). Otherwise we go to Step i+2. 
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Claim 3.8 dim5j.^^(Sing(Vfej)) < n, and 

5,-HSing(14J)(„_i) C /-i^^^(Sing(iV-i(0))) \ 

Proof. Recall that Z, = /^i(Sing(iV-i(0)))(„_i) and Zr = f^l{N-^m\Z, 
and suppose that there is an (n — l)-dimensional irreducible analytic subset S 
of -Dfei+i such that S ^ Zs\ Ai^ki+i and gki{S) C Sing(Vfei). We consider two 

cases: 

(a) 5cU^^2«7'(0), 

(b) ^^U,'=2«7'(0)' 

to show that there is a e 5 such that gkiia) G Reg(Vfei), which contradicts the 
hypothesis and completes the proof. 

Let us begin with (a). The properties of Mi(a;), . . . , Up{x) imply that for the 
generic a G S, ui{a) ^ hence (in a neighborhood of gki{a)) the system (fj), 
j = 1, . . . , ifcj , depicts the graph of the rational map (ui, w,hi, . . . , bt^^ ) i— > 
{vi{ui,w,bi,. . . ,bt^^),. . . ,vt^^{ui,w,bi,. . . ,bt^J). Moreover, the second and 
the third paragraphs of Step i + 1 imply that using the equations (f j) we can 
eliminate the variables vi,. . . , Vt,,^ from (e,A;i) to obtain 

(*) F{uu wM,..., h,^ )Tk,N{w) = . . . 4'"'''+'Rk,, 

where F is a rational function such that {ui{a), fok^+i • • • i («)) G 

domF and F{ui{a), /^^.^^^(a), 6i(a), . . . , fet^.^ (a)) 7^ for the generic a e S. 

Let V denote the variety defined by (*). To complete the case (a) it is 
sufficient to show that g{a) G RegF, for the generic a £ S, where g is the 
map consisting of those components of gki which correspond to the variables 
appearing in (*). 

li S ^ Zr then N{fDk^^i{a)) ^ for the generic a G S and there is nothing 
to prove, li S C Zr then A^(/i3^,^^j (a)) = 7^ ^^^(a) for the generic a E S. 
Moreover, by the facts that S ^ Zg and N does not have multiple components, 
there is j G {!,..., k} such that ^-|s 7^ which clearly implies that g{a) G 

Reg(V') for the generic a € S. 

Let us turn to (b) . Let g be the map consisting of those components of gk^ 
which correspond to the variables appearing in (e,fci) and let g be the map con- 
sisting of those; components of gfe^ which correspond to the variables appearing 
in (f,j) for j = l,...,tk,. 

For the generic a G S the equation (e,fci) depicts, in a neighborhood of 
g{a), the graph of the rational function Rk^ = Rki {Tk^ , Wki , Vki , hi , w.2, • • • , Up) 
{g{a) £ graphi?fej) and the variable Rk^ does not appear in any of (f,j), j = 
1, . . . , tfcj . Hence if we show that for every a in an open dense subset of S the 
system of equations (f,j), for j = 1,. . .,tki, defines a manifold in a neighborhood 
of g{a), then we obtain a contradiction with the assumption that gki{S) C 
Sing(V^feJ. 

We have two cases. If S <^ ^(0), there is nothing to prove because each 
of the considered equations can be divided by wi. If 5 C ^(0) then we again 
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have two cases: either S C ^(0) \Ai^ki+i or 5 C Ai^ki+i- In the first case 

S ^ U*=i(9i ° WkJ~HO), whereas in the latter one, 5 ^ Uj=i ^7^(0)- In both 
cases for the generic a € S the map 

is a submersion in a neighborhood of g{a). (In the latter one it is a consequence 
of the facts that for the generic a £ S, (gi , . . . , qt^.^ ) is a submersion in a neigh- 
borhood of Wfej(a), and ui{a) — qj{wkj^{a)) = ^ bj{a), for j — 
As for the first one, it is easy to see that Rank g„^ '^^^^ — = tki for the 

generic a E S.) This completes the proof. ■ 

Claim 3.9 // there is a sequence gki.iy G 0{E,Vk-i) of Nash maps converging 
uniformly to gkils then there are a sequence f^ e 0{E,C'^) of Nash maps 
converging uniformly to f and an open neighborhood D' of E such that {{No 
/i^,D')^^ (0)} converges to {N o fu,)^^(Q) in the sense of chains. 

Proof. Let gki.u,D' G Vfci) be a sequence of Nash maps converging uni- 

formly to gki,D', where D' is an open neighborhood of E in Dk-^+i such that 
(A^ o /£,/)-! (0) = (Ai U ... U Ap) n Z?', for Ai, introduced in the second 
paragraph of the proof of Proposition 13.61 
The map gki.v,D' is of the form: 

gki.u,D'{x) = {Tk^,„{x),Wki+lAx):Ui,u{x), . . .,Up,^{x),Rki,^ix)), 

where = {wi^^{x),Vi^^{x),h^^{x)), Vi^^{x) = {vti_^+i^^{x), . . . ,vt,,„{x)), 
biM{x) = {bti_^+i^v{x), btiM{x)), for i = 1, . . . , fci, where to = 0. We check 
that fu,D'ix) — wi,i,{x) satisfies the requirements. 

Clearly, it is sufficient to show that for every I G {l,...,p} and for the 
generic point a £ Ai D D' there is a neighborhood U of a in D' such that 
{{N o fi, D')~^{0) n U} converges to Ai Ci U in the sense of chains. Fix I g 
{l,...,p}. 

The components of gki,u.D' satisfy the equation (e,fci) therefore 

(e,fci,zy) Tk^,u{^)Gk^{wk^+i,u{x)) = U2Axf^'''i+^ ...Up^^ixfp'-i+^Rk.^^ix), 

for every a; G D' , G N. 

By the second and the third paragraphs of Step i+1 (fori — l,...,fci — 1) and 
by the fact that the components oigk^^v^o' satisfy the equations (/, 1), ...,(/, tfej, 
we have 

ti+i 

Gi+l(Wi+2,u{x))ul^^,{x) = 5i+l{w^+l^^,{x))Gi{wi+l^y{x)) bj^^{x), 

J = l 

for i = 0, . . . , fci — 1, a; G D\ where Go(wi,i/(a;)) = N{'Wi^^{x)). This implies 
that 

Gfci {wki+i,i.ix))ui^^{x)''^ = f^{x)N{wi^i,{x)), 
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for some G 0{D'), which combined with (e,fci,z/) gives 
Tk^,^{x)f^{x)N{wi^i,{x)) = 

for every x £ D' , G N. 

The latter formula and the facts that there is s G such that 

AiM+i ^ (|ir)~'(0) and Ai^k,+i C ^-^(O) \ i?-/(0) and, for every t ^ I, 
dini(u;^^(0) n W(~^(0)) < n — 1, clearly imply that for the generic a G A; fl 
D' there is an open neighborhood U in D' such that for sufficiently large i/, 
{Tk,^^{x)f^{x)Nlwi^^{x)))-^{0)nU = (iV(wi,^(x)))-i(0)nC/ and the sequence 
{{N{wi^i^{x)))^^ (0) n U} converges to Ai OU in the sense of chains.H 

Once we have proved Claims I3.8[ 13.91 the proof of Proposition 13.61 is also 
completed.H 
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